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z EXAMPLE 4 Find the average value of F(x, y, z) = xyz throughout the cubical region
D bounded by the coordinate planes and the planes x = 2,y = 2, and z = 2 in the firgt
octant.

Solution We sketch the cube with enough detail to show the limits of integration (Figure
15.34). We then use Equation (2) to calculate the average value of F over the cube.
The volume of the region D is (2)(2)(2) = 8. The value of the integral of F over the

cube is
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" FIGURE 15.34 The region of y=2 2
integration in Example 4. = /o ¥z Odz = /0 4zdz = . = 8.
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With these values, Equation (2) gives
Average value of 1 _
xyz over the cube volume // oz dV = (8>(8) =L

In evaluating the integral, we chose the order dx dy dz, but any of the other five possible
orders would have done as well. 2]

Properties of Triple Integrals

Triple integrals have the same algebraic properties as double and single integrals. Simply
replace the double integrals in the four properties given in Section 15.2, page 880, with
™ triple integrals.

EXercises 15.5 : |

Triple Integrals in Different lteration Orders Evaluating Triple lterated Intt.agrals
1. Evaluate the integral in Example 2 taking F(x,y,z) = 1 to find Evaluate the integrals in Exercises 7-20.
the volume of the tetrahedron in the order dz dx dy. 1L plopl , , ,
2. Volume of rectangular solid Write six different iterated triple 7. / / / (2 +y* + &%) dedy dx

integrals for the volume of the rectangular solid in the first octant

3y pBexey?, e
bounded by the coordinate plal}es and the planes x = 1,y = 2, / / ¢ / ¢ dz dx dy 9, / ’ / ’ / ’ —1de dy dz
and z = 3. Evaluate one of the integrals. 243 1SS P

3. Volume of tetrahedron Write six different iterated triple inte- 3-3x p3-Bx—y w6 pl 3 _
grals for the volume of the tetrahedron cut from the first octant by 10. / / / Cdzdydx 11, / / / y sinz dx dy dz
the plane 6x + 3y + 2z = 6. Evaluate one of the integrals. 0 0 JoJ2

4. Volume of solid Write six different iterated triple integrals for 12. / / / (x+y+ 2)dydedz
the volume of the region in the first octant enclosed by the cyl- 0 Jo i

inder x> + z2 = 4 and the plane y = 3. Evaluate one of the 3 VICZ VR 2ty
integrals. 13. / / ' / dzdydx 14. / / / dz dx dy

5. Volume enclosed by paraboloids Let D be the region bounded B 2()(_ X pdesiey
by the paraboloids z = 8 — x2 — y? and z = 22 + y2 Write six 1 Y dedvds 16 wdody dv
different triple iterated integrals for the volume of D. Evaluate “Jodo Jo J “Jodo 3

one of the integrals. - T -
6. Volume inside paraboloid beneath a plane  Let D be the region 17. / / / cos (u + v +w)dudvdy (wvw-space)
bounded by the paraboloid z = x*> + y? and the plane z = 2y.
Write triple iterated integrals in the order dz dx dy and dz dy dx 18. se'“ In r
* that give the volume of D. Do not evaluate either integral.
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dt drds (rst-space)
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74 plnsecy a2t ' 24. The region in the first octant bounded by the coordinate planes
19.. / / / e dxdtdv (tux-space) ‘ andthe planes x + z = 1,y + 27 = 2
0 0 —0 .

7 p2 pVieg q z
20. /0 /o /0 e 1dp dg dr (pgr-space) A
Finding Equivalent lterated Integrals
21. Here is the region of integration of the integral

y
1 pl pl-y N
/ / / dz dy dx.
~-1/x2J0
' z

25. The region in the first octant bounded by the coordinate planes,
the plane y + z = 2, and the cylinder x = 4 — y?

Z
A
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¥
x (1,1,0 ‘
X

Rewrite the integral as an equivalent iterated integral in the order

a. dydzdx b. dydxdz 26. The wedge cut from the cylinder x> + y2 = 1 by the planes
¢ dedydz d. dxdzdy z=—-yandz =0
e. dzdxdy.

2. Here is the region of integration of the integral

1 00 py?
/ / / dz dy dx.
0J-1J0 ~
Z

©,-1,1)

27. The tetrahedron in the first octant bounded by the coordinate planes
and the plane passing through (1, 0, 0), (0, 2, 0), and (0, 0, 3)

z

Rewrite the integral as an equivalent iterated integral in the order
a. dydzdx ’ b. dydxdz

¢ drdydz d. dxdzdy

e, dzdxdy.

inding Volumes Using Triple Integrals

ind the volumes of the regions in Exercises 23-36. 28. The region in the first octant bounded by the coordinate planes,
: =1 — = =x=

3. The region between the cylinder z = y* and the xy-plane that is theplaney =1 = x, and the surface z = cos (mx/2), 0 = x = 1

bounded by the planes x = 0, x = 1,y = —1,y = 1 z

Z
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29. The region common to the interiors of the cylinders x> + y* = 1
and x* + z» = 1, one-eighth of which is shown in the accompa-
nying figure
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30. The region in the first octant bounded by the coordinate planes’

and the surface z = 4 — x> — y

F4

X

31. The region in the first octant bounded by the coordinate planes,
the plane x + y = 4, and the cylinder 2+ 472 = 16

Z

X

32. The region cut from the cylinder x> + y* = 4 by the plane z = 0
and the plane x + z = 3

33. The region between the planes x + y + 2z = 2 and 2x + 2+
z = 4 in the first octant

34. The finite region bounded by the planes z = x,x + 7 = 8 ; = y
y=28andz =0 '

35. The region cut from the solid elliptical cylinder x2 + 4y2 < 4 by
the xy-plane and the plane z = x + 2

36. The region bounded in back by the plane x = 0, on the front and
sides by the parabolic cylinder x = 1 — y*, on the top by the
paraboloid z = x? + y%, and on the bottom by the xy-plane

Average Values
In Exercises 3740, find the average value of F(x, y, z) over the given
region. ’

37. F(x,y,z) = 1% + 9 over the cube in the first octant bounded by
the coordinate planes and the planes x = 2,y = 2, and 7z = 9

38. F(x,y,z2) = x +y — z over the rectangular solid in the first
octant bounded by the coordinate planes and the planes
x=1y=1andz=2

39. F(x,y,z) = x* + y2 + 7% over the cube in the first octant
bounded by the coordinate planes and the planes x = 1,y = 1,
and z = 1

40. F(x,y,z) = xyz over the cube in the first octant bounded by the
coordinate planes and the planes x = 2,y = 2, and z = 2

Changing the Order of Integration
Evaluate the integrals in Exercises 41-44 by changing the order of
integration in an appropriate way.

41 /4/1/24cos(x2)dxd d
.| ————"dx dy dz
0Jo0 J2y 2Vz
1 1 1
42.///12xzezyzdydxdz
0J0 J2?
Lol pind g2 gin qry?
43. ———dxdydz
Jo J¥Jo y )

2 p4—x? xsin2z
44, // / dy dz dx
0 Jo 042

Theory and Examples

45. Finding an upper limit of an iterated integral Solve for a:

1 pd—a—x* pd—xi-y : 4
dzdy dx = .
Lk :

46. Ellipsoid For what value of ¢ is the volume of the ellipsoid
¥+ (3/2)* + (z/c)* = 1 equal to 87?

47. Minimizing a triple integral What domain D in space mini-
mizes the value of the integral :

// (43 + 4y% + 2 — 4) dV?
D

Give reasons for your answer.

48. Maximizing a triple integral What domain D in space maxi-
mizes the value of the integral

//(1¥x2—y2—z2)dV?

Give reasons for your answer.

i
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Beam A

Similarly, the moment of inertia about the y-axis is

1 p2x 39
=1 - 2 L= 22
= F Axis I /o /) x*0(x, y) dy dx %

Notice that we integrate y? times density in calculatmg I, and x? times density to find L.
Since we know I, and I, we do not need to evaluate an integral to find Io, We can use
the equation [y = I, + I, from Table 15.2 instead:

Beam B

]0_12+359 60—;39 95_9 B
Axis

The moment of inertia also plays a role in determining how much a horizontal meta]
beam will bend under a load. The stiffness of the beam is a constant times I, the moment
of inertia of a typical cross-section of the beam about the beam’s longitudinal axis. The
greater the value of I, the stiffer the beam and the less it will bend under a given load. That
is why we use I-beams instead of beams whose cross-sections are square. The flanges at

beam about the beam’s longitudinal axis, the  he top and bottom of the beam hold most of the beam’s mass away from the longitudinal
stiffer the beam. Beams A and B have the

FIGURE 15.42 The greater the polar
moment of inertia of the cross-section of a

same cross-sectional area, but A is stiffer.

Exercises m

Plates of Constant Density
1. Finding a center of mass Find the center of mass of a thin
plate of density 8 = 3 bounded by the lines x = 0, y = x, and
the parabola y = 2 — x? in the first quadrant.
2. Finding moments of inertia Find the moments of inertia about

the coordinate axes of a thin rectangular plate of constant density
0 bounded by the lines x = 3 and y = 3 in the first quadrant.

3. Finding a centroid Find the centroid of the region in the first
quadrant bounded by the x-axis, the parabola y*> = 2x, and the
line x + y = 4,

4. Finding a centroid Find the centroid of the triangular region

" cut from the first quadrant by the line x + y = 3,

5. Finding a centroid Find the centroid of the region cut from the
first quadrant by the circle x*> + y? = a2

6. Finding a centroid Find the centroid of the region between the
x-axisand the arch y = sinx, 0 < x < .

7. Finding moments of inertia Find the moment of inertia about
the x-axis of a thin plate of density § = 1 bounded by the circle
x% + y? = 4. Then use your result to find I, and ], for the plate.

8. Finding.a moment of inertia Find the moment of inertia with
respect to the y-axis of a thin sheet of constant density § = 1
bounded by the curve y = (sin?x)/x* and the interval
7 = x = 27 of the x-axis.

9. The centroid of an infinite region Find the centroid of the
infinite region in the second guadrant enclosed by the coordinate
axes and the curve y = ¢ (Use improper integrals in the mass-
moment formulas.)

10. The first moment of an infinite plate Find the first moment
about the y-axis of a thin plate of density 8(x, y) = 1 covering

axis to increase the value of I (Figure 15.42).

the infinite region under the curve y = ¢*/2 in the first
quadrant.

Plates with Varying Density

11 7Fmd1ng amoment of inertia Find the moment of inertia about
the x-axis of a thin plate bounded by the parabola x = y — y* and
theline x + y = 0if 8(x,y) = x + y.

12. Finding mass Find the mass of a thin plate occupying the
smaller region cut from the ellipse x* + 4y® = 12 by the parab-

. ola x = 4y*if 8(x, y) = 5x. .

H13. Fmdmg a center of mass Find the center of mass of a thin tri-

N angular plate bounded by the y-axis and the lines y = x and
y=2—xif 8(x,y) = 6x + 3y + 3.

14. Finding a center of mass and moment of inertia Find the
center of mass and moment of inertia about the x-axis of a thin
plate bounded by the curves x = y? and x = 2y — y? if the den-
sity at the point (xyy) is 8(x,y) = y + 1.

15. Center of mass, moment of inertia Find the center of mass
and the moment of inertia about the y-axis of a thin rectangular
plate cut from the first quadrant by the lines x = 6 and y = 1 if
dx, ) =x+y+1. —

16. Center of mass, moment of inertia Find the center of mass
and the moment of inertia about the y-axis of a thin plate bounde.d
by the line y = 1 and the parabola y = x? if the density 18
ox,y) =y + L

17. Center. of mass, moment of inertia Find the center of mass
and the moment of inertia about the y-axis of a thin plate bounded
by the x-axis, the lines x = +1, and the parabola y = « if
8x,y) =Ty + 1.




18, Center of mass, moment of inertia Find the center of mass
’ and the moment of inertia about the x-axis of a thin rectangular

plate bounded by the lines x = 0, x = 20,y = —l,and y = 1if .

L8, y) =1+ (x/20).
9, ‘Center of mass, moments of inertia Find the center of mass,
'/ the moment of inertia about the coordinate axes, and the polar
moment of inertia of a thin triangular plate bounded by the lines
y=xy=-xandy=1if 6(x,y) =y + L
20. Center of mass, moments of inertia Repeat Exercise 19 for
85(x,y) = 3x% + 1.

golids with Constant Density
21, Moments of inertia Find the moments of inertia of the rectan-
k gular solid shown here with respect to its edges by calculating
L, I, and L.

22 Moments of inertia The coordinate axes in the figure run
/" through the centroid of a solid wedge parallel to the labeled
edges, Find I, I, and [, if a = b==6andc = 4.

Z ™~

Centroid
at (0, 0, 0)

\,

23. Center of mass and moments of inertia A solid “trough” of

\_“constant density is bounded below by the surface z = 4y?, above
by the plane z = 4, and on the ends by the planes x = 1 and
x = —1. Find the center of mass and the moments of inertia with
respect to the three axes.

24. Center of mass A solid of constant density is bounded below
by the plane ‘z = 0,. on the sides by the elliptical cylinder
x* + 4y? = 4, and above by the plane z = 2 — x (see the

" accompanying figure).

a. Find ¥ and y.

b. Evaluate the integral
2 VAT p2-x
M, = / / / zdzdydx
—2J-/HVa—2J o
using integral tables to carry out the final integration with
respect to x. Then divide M., by M to verify thatz = 5 /4.

15.6 Moments and Centers of Mass 923

Z

25. a. Center of mass Find the center of mass of a solid of con-
stant density bounded below by the paraboloid z = 22 + y?
and above by the plane z = 4.

b. Find the plane z = c that divides the solid into two parts of equal
volume. This plane does not pass through the center of mass.

26. Moments A solid cube, 2 units on a side, is bounded by the
planes x = *1,z = *1,y = 3, and y = 5. Find the center of
mass and the moments of inertia about the coordinate axes.

27. Moment of inertia about a line A wedge like the one in Exer-
cise22hasa = 4, b = 6, and ¢ = 3. Make a quick sketch to check
for yourself that the square of the distance from a typical point (x, y, )
of the wedge to the line L:z = 0,y = 6is r* = (y — 6)* + 22

. Then calculate the moment of inertia of the wedge about L.

. 28. Moment of inertia about a line A wedge like the one in Exer-

cise22has a = 4, b = 6, and ¢ = 3. Make a quick sketch to check
for yourself that the square of the distance from a typical point (x, y, )
of the wedge to the line L:x = 4,y = 0 is 12 = (x — 4)* + y~
Then calculate the moment of inertia of the wedge about L.

Solids with Varying Density
In Exercises 29 and 30, find

.. & the mass of the solid. b. the center of mass.

:29.- A solid region in the first octant is bounded by the coordinate
" planes and the plane x + y + z = 2. The density of the solid is

8(x,y,z) = 2x.

30. A solid in the first octant is bounded by the planes y = Oand z = 0
and by the surfaces z = 4 — x> and x = y? (see the accompanying
figure). Its density function is 6(x, y, z) = kxy, k a constant.

z=4—x%




